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1. Introduction 

Let V be a finite dimensional real vector space of dimension m. One says that 
A £ £g) 4 (V~*) is an algebraic curvature tensor on V if A satisfies the symmetries of 
the Riemann curvature tensor: 

A(x, y, z, w) = -A(y, x, z, w) = A(z, w, x, y), 
A(x,y,z,w) + A(y,z,x,w) + A(z,x,y,w) = . 

We say that 9JI := (V, (-, -},^4) is a curvature model if A is an algebraic curvature 
tensor on V and if (•, •} is a non-degenerate symmetric bilinear form of signature 
(p, q) on V. Two curvature models 9Jli = (Vi, (•, At) and 97t 2 = (V 2 , (•, -)2,A 2 ) 
are said to be isomorphic, and one writes 50ti ~ SQI2, if there is an isomorphism 
<f> : V\ — * V2 so that 

(/>*(-, -) 2 = (.,->! and 4>*A 2 =A 1 . 

Let 9JI be a curvature model. Let £y and Aijki be the components of (•, •) and 
A relative to a basis {ei} for V: 

Eij := (e ? , ej) and A ijk t := A(a, ej,e k , e;) . 

Let e lJ be the inverse matrix. Adopt the Einstein convention and sum over repeated 
indices. The components of the Ricci tensor p = pyn, and the scalar curvature 
t = Tyyi are then given by: 

pu :=E jk A ijk i, and r := e il e jk A m . 

1.1. Pseudo-Riemannian geometry. Let M. := (M, g) be a pseudo-Ricmannian 
manifold of signature (p, q). Let V = Vjh be the Levi-Civita connection of M. and 
let R = R M e ® 4 T*M be the curvature tensor of V: 

R(x, y, z, w) = 5((V x V y - V y \7 x - V [x , y] )z, w) . 

Let Tl(A4, P) := (TpM,gp, Rp) for P G M be the corresponding curvature model. 
Relating algebraic properties of the curvature tensor to the underlying geometric 
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properties of the manifold is a central theme in much of differential geometry - see, 
for example, the discussion of Osserman geometry in [2| [5l fT2| IT6] . 

The following result is well known and shows that the relations of Equation (jl.aD 
generate the universal symmetries of the Ricmann curvature tensor: 

Theorem 1.1. Let 971 be a curvature model. There exists a real analytic pseudo- 
Riemannian manifold M. and a point P of M so that 9JI « 9Jl(A4, P). 

The following result extends Theorem 11.11 to the category of manifolds with 
constant scalar curvature: 

Theorem 1.2. Let 9Jt be a curvature model. There exists a real analytic pseudo- 
Riemannian manifold M and a point P of M so that M has constant scalar cur- 
vature and so that 9JI ps Wl(M,P). 

1.2. Conformal Geometry. Let 9Jt be a curvature model. Let W = W<xn be the 
Weyl conformal curvature tensor. One says that 971 is conformally fiat if Wm = 0. 

Theorem 1.3. Let 971 be a conformally flat curvature model. There exists a real 
analytic conformally fiat pseudo-Riemannian manifold M. and a point P of M so 
that M. has constant scalar curvature and so that 9Jt « 9Jt(.M, P). 

1.3. Pseudo-Hermitian and para-Hermitian geometry. Let J be a linear 
map of V and let 971 = (V, (■, -),A) be a curvature model. One says that J is a 
pseudo-Hermitian structure if 

J 2 = — id and J* (■,■} = (•,•) . 

Similarly, one says that J is a para-Hermitian structure if 

J 2 = id and J*(-, •} = -(.,•) . 

Note that pseudo-Hermitian structures exist if and only if both p and q are even; 
para-Hermitian structures exist if and only if p = q. Let €. := (V, (•, •), J, A) be 
the associated pseudo-Hermitian curvature model (resp. para-Hermitian curvature 
model). In either case, define the -k-scalar curvature t* = t<J by setting 



One says that C := (M,g,J) is an almost pseudo-Hermitian manifold (resp. 
almost para-Hermitian manifold) if £(C, P) := (TpM, gp, Jp, Rp) is a pseudo Her- 
mitian (resp. para-Hermitian) curvature model for every P £ M. We do not 
assume that the structure J on M is integrable as this imposes additional curva- 
ture identities [T3]; we will return to this question in a subsequent paper. Almost 
pseudo-Hermitian geometry has been studied extensively. We refer to [7] for fur- 
ther information concerning almost para-Hermitian geometry as it is important 
as well. For example, para-Hermitian geometry enters in the study of Osserman 
Walker metrics of signature (2, 2) 0, it is important in the study of homogeneous 
geometries [11] , and it is relevant to the study of Walker manifolds with degenerate 
self-dual Weyl curvature operators [6] . We refer to [TO] for information concerning 
almost-Hcrmitian geometry. 

Theorem 1.4. Let m > 4. Let €. = (V, (•,•}, J, A) be a pseudo-Hermitian (resp. 
para-Hermitian) curvature model. There exists a real analytic almost pseudo Her- 
mitian (resp. almost para-Hermitian) manifold C = (M,g,J) and a point P of M 




£ ll £ j k A(e i} ej, Je k , Jei) if £ is pseudo-Hermitian, 
— e A(e.i, ey, Jefc, Jei) if £ is para-Hermitian. 
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so that C has constant scalar curvature, so that C has constant -k-scalar curvature, 
and so that <£ ks (TpM, gp, Jp, Rp). 

1.4. Hyper-pseudo-Hermitian and hyper-para-Hermitian geometry. Fix 

a curvature model 971 = (V, (•,■), A). Let J := {Ji, J 2 , J3} be a triple of linear 
maps of V. We say that J is a hyper-pseudo-Hermitian structure if Ji, J2, J3 are 
pseudo-Hermitian structures and if we have the quaternion identities: 

,l\ = J 2 = J\ = — id and J1J2 = — J 2 Ji = J3 ■ 

Similarly, we say that J is a hyper-para-Hermitian structure if J\ is a pseudo- 
Hermitian structure, if J 2 and J3 are para-Hcrmitian structures, and if we have the 
para-quaternion identities: 

J\ = -jf = -Jf = - id and Ji J 2 = -J 2 Ji = J 3 . 

Let := (V, {■, ■), J, A) be the associated hyper-pseudo-Hermitian curvature model 
(resp. hyper-para-Hermitian curvature model). We refer to [3l I14[ 115] for further 
details concerning such structures. We define: 

T Q ■= T ,h + T .h + T H ■ 
The structure group of a hyper-pseudo-Hermitian structure J is 50(3) and of a 
hyper-para-Hermitian structure is SO (2, 1) since we must allow for reparametriza- 
tions; Tq is invariant under this structure group and does not depend on the par- 
ticular parametrization chosen. We say that (M, g, J) is a hyper-pseudo-Hermitian 
manifold or a hyper-para-Hermitian manifold if Jp defines the appropriate structure 
on (T P M,g P ) for all points P of M. 

Theorem 1.5. Let m > 8. Let = (V, (, -),J, A) be an hyper-pseudo-Hermitian 
(resp. hyper-para-Hermitian) curvature model. There exists a real analytic almost 
hyper-pseudo-Hermitian (resp. almost hyper-para-Hermitian) manifold Q and a 
point P of M so that Q has constant scalar curvature, so that Q has constant 
-k-scalar curvature, and so that w (TpM, gp, Jp, Rp) . 

The problems we are considering arc related to the Yamabe problem where one 
seeks to find a Riemannian metric of constant scalar curvature in the conformal 
class of a given compact Riemannian manifold of dimension m > 3; this has been 
solved [U [17l [18l [19] . The complex analogue of the Yamabe problem is to find an 
almost Hcrmitian metric of constant scalar curvature in the conformal class of a 
given compact almost Hcrmitian manifold of dimension m > 4; this problem also 
has been solved [4]. Our setting is quite different as we wish to fix the curvature 
tensor at a point and thus we work purely locally. 

1.5. Outline of the paper. In Section [2 we review the Cauchy-Kovalevskaya 
Theorem as this is central to our discussion. In Section [3J we prove Theorems 1 1.1[ 
11.21 and 11.31 In Section [H we prove Theorems 11.41 and 11.51 

2. The Cauchy-Kovalevskaya Theorem 

In this Section, we state the version of the Cauchy-Kovalevskaya Theorem that 
we shall need; we refer to Evans pages 221-233 for the proof. Introduce co- 
ordinates x = (x\,...,x m ) on R m and let di := Set x = (y,x m ) where 
y = (sci, x m -\) E R m_1 . Let W be an auxiliary real vector space. In Sec- 
tion [3l we will take W = M to consider a single scalar equation and in Section [H 
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we will take W = M. 2 to consider a pair of scalar equations to deal with both the 
scalar curvature and *-scalar curvature. Let 

u := (uo.ui, ...,«„,) €W®W n+1 . 

We suppose given a real analytic function i/j(x, u) taking values in W and a collection 
of real analytic functions ip t3 (x,u) = ip 3% (x,u) taking values in End(W) which are 
defined near 0. Given a real analytic function U : K m — ► W which is defined near 
x = 0, one sets u(x) := (uq(x), ...,u m {x)) where 

u (x) := U(x), m(x) := diU(x), u m {x) := d m U(x) . 

Theorem 2.1. [Cauchy-Kovalevskaya] If det ip mm (0) ^ 0, there is e > and a 
unique real analytic U defined for \x\ < e which satisfies the following equations: 

i) ij {x,u{x))d i d j U(x)+ip{x,u{x)) = 0, 
f/(y,0) = 0, and d m U(y,0)=0. 

3. The Proof of Theorems [LTTfOl 

Although Theorem 1 1.1 1 is well known, we give the proof for the sake of complete- 
ness. Let M be a small neighborhood of £ V, let P = 0, let (xi, ...,x m ) be the 
system of local coordinates on V induced by a basis {e,} for V, and let 

Qik • — &ik ^AijikX^ X . 

Clearly gik = gki- As gik(0) = £ifc is non-singular, g is a pscudo-Ricmannian metric 
on some neighborhood of the origin. Let gij/k '■= dugij and gij/ki '■= dkdigij. The 
Christoffel symbols of the first kind are: 

Tijk : = 9(^di9j,dk) = 2 fefc/j + 9ik/j ~ 9ij/k) ■ 

As g = e + 0(\x\ 2 ) and T = 0(\x\), we complete the proof of Theorem 11.11 by 
computing: 

Rijki - {diV jk i - djT iM } + 0(\x\ 2 ) 

= \{9ji/ik + 9ik/ji - 9jk/u - 9a/ jk) + 0(\x\ 2 ) 
= Ajiki — Ajkn — Aijik — Anjk 

+A jm + A jUk + A m + Aikji} + 0(\x\ 2 ) 
= \{AA ijU - 2A ajk - 2A iMj } + 0{\x\ 2 ) 

= A ijkl + 0(\x\ 2 ). □ 

The following fact will be used in the proof of Theorem 11.21 Again, we include 
the proof for the sake of completeness. 

Lemma 3.1. Let 9JI be a conformally flat curvature model. There exists a pseudo- 
Riemannian manifold M. and a point P of M so that M. is conformally flat, and 
so that Tl w Tt(M,P). 

Proof. If A is conformally flat, then A is completely determined by its Ricci tensor. 
Let g := (1 + 4>(x))(-, ■) where <f> is quadratic. The metric g is non-singular for x 
small, g is conformally flat, and <f> can be chosen appropriately so that p(0) = psn: 

^ e jj r + (2-2m)p mtjj 2 y, J2_ 
* ^ 2(m-l)(m-2) 3 + ^ 2 - m m > 1313 ' 
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The proof now follows. □ 

If A4 is a pseudo-Riemannian manifold and if <f> is a smooth function so that 
1 + 2cf> never vanishes, we can consider the conformal variation 

= (M, (1 + 24>)g) . 

The metrics constructed to prove Theorem 11.11 and Lemma 13.11 were quadratic 
polynomials and hence real analytic. Theorem 11.21 and Theorem 11.31 will follow 
from Theorem 1 1 . 1 1 and from Lemma 13-11 respectively, and from the following result 
which is perhaps of interest in its own right: 

Theorem 3.2. Let M. be a real analytic pseudo-Riemannian manifold. Fix a point 
P of M. There exists an open neighborhood O of P in M and a real-analytic 
function </> so that 1 + 2(f) > on O, so that (0, (1 + 2<f>)g) has constant scalar 
curvature, and so that 971(0, (1 + 2(f>)g, P) = Tt(0, g, P). 

Proof. Let R be the curvature tensor of g and let r be the scalar curvature of g. 
Let x = (x\, x m ) be a system of local real analytic coordinates on M centered at 
P and let y = (xi, ...,x m _i). Let Eij := g(di, dj)(0). By making a linear change of 
coordinates, we may suppose that {di} is an orthonormal frame at P, or, in other 
words, that 

JO if i ? j, 
13 ~ \ ±1 if i = j ■ 

Let <fi be a real analytic function. We set <f>i := di(f> and <pij :— didjcj). We assume 

<Ky,0) = and m (y,O) = O. 

We consider the conformal variation h := (1 + 2(f>)g. Since </>(0) = 0, ft. is non- 
singular on some neighborhood of 0. Let R be the curvature tensor of h and let 
f be the scalar curvature of h. We work modulo terms tjj(x, (j), (j) m ) where 

-0(0) = to define an equivalence relation =. Then 

Rijki = RijM + gji4>ik — gu4>jk — gjk4>a + gtk&jh 

f - r g (0) = h d h 3k {gji(j)i k - g U (f>jk - gjk^ii + gik4>ji} ■ 

We set h jk = e 3 and compute 

e % e° {£ji<j>ik - £u4> 3 k - £jk4>U + £ik4> 3 i] = s lk 4>ik - me jk (t)j k - ms ll 4>ii + e 3l (f)ji . 

The coefficient of <fi mm is thus seen to be (2 — 2m)e mm ^ 0. Consequently. Theorem 
12. H is applicable and we may choose <j) to solve the equations: 

f-r 9 (0) = 0, 0(y,O) = O, d m <t>(y,0) = . 

The and 1 jets of <\> vanish at the origin. And the only possibly non-zero 2-jet 
of 4> a t the origin is <fi mm . The relation ip 13 (f>ij = implies ip Tnm 4'mm(0) = 0. Thus 
all the 2-jets of <fi vanish at the origin so R(0) = R(0) and h(0) = g(0). Theorem 
13.21 now follows. □ 

4. The proof of Theorems 11.41 and 11.51 
We begin our discussion by normalizing the 2-jets appropriately: 
Lemma 4.1. 



(i 



M. BROZOS-VAZQUEZ, P. GILKEY, H. KANG, S. NIKCEVIC, G. WEINGART 



(1) Let <t = (V, {■, ■), J, A) be a pseudo-Hermitian (resp. para-Hermitian) cur- 
vature model. There exists a real analytic almost pseudo-Hermitian (resp. 
almost para-Hermitian) manifold C — (M,g,J) and a point P of M so 
£tt(T P M,gp,Jp,Rp). 

(2) Let Q = (V, (•,•), A, be an hyper-pseudo-Hermitian (resp. hyper-para- 
Hermitian) curvature model. There exists a real analytic almost hyper- 
pseudo-Hermitian (resp. almost hyper-para- Hermitian) manifold Q and a 
point P of M soOw (TpM,g P ,Jp,Rp). 

Proof. We consider the squaring map T : "J" — > mapping M m (M) — > M m (M). We 
localize at the point = id and express (1 + 0) — > (1 + 20 + 2 ) to see the Jacobean 
is multiplication by 2 and hence invcrtible. Thus by the inverse function theorem, 
there is a real analytic map S : M m (R) — ► M m (M.) defined near id so S^) 2 = 
Furthermore if tp 2 = \& and if tp is close to id, then ip = S^). 

Suppose given a complex model £ = (V, (•, •}, J, A). Set g = —1 if £ is pseudo- 
Hermitian and g = +1 if € is para-Hermitian. We use Theorem 11.11 to choose 
an analytic pseudo-Riemannian metric g so that gp = (•, •) and Rp = A. The 
difficulty now is to extend J to be a suitable structure J\ on TM. First extend 
J and (■, ■) to a neighborhood of P to be constant with respect to the coordinate 
frame. Express g(x,y) = ($>x,y) for ^ a real analytic map defined near P taking 
values in M m (M) with = id. Let ip = Since = ^* = t/>. 

Consequently g(x, y) = {ipx, ipy) so g = ip*(; ■). Set Ji := ip~ 1 Jij: = ip*J. Then 

Ji = (ip*J) 2 = ip' 1 Jiptp' 1 Jip = gid, 

Jig = (rjyiri; ■» = <{./*<•, ■» - ■> = -*?<? . 

Thus (M,g,Ji) provides the required structure. Assertion (1) follows; we use the 
same construction to prove Assertion (2). □ 

Let C := (M,g, J) be an almost pseudo-Hermitian [g = —1] or an almost para- 
Hermitian [g = +1] manifold. Let 2r = m and let {xi, X2 r } be coordinates 
centered at P £ M so that {di} form an orthonormal frame at P and so 

di+ r if i < r, 
gdi- r if r < i < m = 2r . 

We consider an almost pseudo-Hermitian (resp. almost para-Hermitian) variation 

ft,^,, := g + 2£{<Aei o dxi — gJdx\ o Jdxi} + 2r){dx rn o dx m — gJdx m o Jdx m } 

where £(P) = and 7?(-P) = 0. Theorem II .41 will follow from Lemma [4~T1 and from: 

Theorem 4.2. Lei (M,g,J) be a real analytic almost pseudo-Hermitian (resp. 
almost para-Hermitian) manifold. Fix P in M . There exists an open neighborhood 
O of P in M and there exist £,r} £ C°°(0) so that: 

(1) {£,77} vanish to second order at P. 

(2) Both t and t* are constant for (O, h^, J). 

Note that by (1), h = h^, v is non-singular near P and Rh(P) = Rg{P)- 

Proof. If h = g + 20, we have 

Rijkl = ®ik/jl + Qjl/ik — ®il/jk — ©jfc/ii + ••• • 
Thus the non-zero curvatures of interest are, up to the usual Z2 symmetries, 

Rmrrra — Q^mm + RraWra Cmm + -^m,r+l,r+l,m — gCmm ~t~ ■•• • 
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This leads to the same formulas in both the pseudo-Hcrmitian and in the para- 
Hermitian settings: 

7- — — a c ll c mmt _ 2r) 1 

r* — (IplUmmt _ 2„ 4. 

' uc c Smm ^' Irani ~ *•• • 

These two equations are linearly independent. Consequently the vector valued 
version of the Cauchy-Kovalevskaya theorem implies we can solve 

r h - t 9 (0) = and r*' h - t*' 3 (0) = 

with £(y,0) = Cm(y, 0) = i]{y,0) = T) m (y,0) = 0. Again, the only possible non-zero 
2-jet is rjmm and £ mm and those are seen to be zero by the equation. □ 

The proof of Theorem 11.51 follows similar lines. Let J? = Qi id. We may decom- 
pose V = V\ ® ... © Vg where 4£ = m and where each Vi is invariant under the 
structure J. We set 

:= dxi o dxi — QiJ^dxi o J^dxi — Q2J%dxi o J^dxi — g^J^dxi o J^dxi . 

We then consider variations of the form h^ t „ := g + 2£5i + 2?yS m . It is then 
immediate that h is invariant under the action of J . We prove Theorem 11.51 by 
computing: 
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